Local condition for planar graphs of maximum degree 7 to be 8-totally colorable  by Chang, Gerard Jennhwa et al.
Discrete Applied Mathematics 159 (2011) 760–768
Contents lists available at ScienceDirect
Discrete Applied Mathematics
journal homepage: www.elsevier.com/locate/dam
Local condition for planar graphs of maximum degree 7 to be
8-totally colorable
Gerard Jennhwa Chang a,b,c, Jianfeng Hou d, Nicolas Roussel a,c,∗
a National Taiwan University, Department of Mathematics, Taipei 10617, Taiwan
b Institute for Mathematical Sciences, National Taiwan University, Taipei 10617, Taiwan
c National Center for Theoretical Sciences, Taipei, Taiwan
d Center for Discrete Mathematics, Fuzhou University, Fuzhou, Fujian, 350002, China
a r t i c l e i n f o
Article history:
Received 4 June 2010
Received in revised form 3 January 2011
Accepted 3 January 2011
Available online 21 January 2011
Keywords:
Total coloring
Total chromatic number
Planar graphs
Cycle
a b s t r a c t
The total chromatic number of a graph G, denoted by χ ′′(G), is the minimum number of
colors needed to color the vertices and edges of G such that no two adjacent or incident
elements get the same color. It is known that if a planar graph G has maximum degree
∆ ≥ 9, then χ ′′(G) = ∆ + 1. In this paper, we prove that if G is a planar graph with
maximum degree 7, and for every vertex v, there is an integer kv ∈ {3, 4, 5, 6} so that v is
not incident with any kv-cycle, then χ ′′(G) = 8.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A k-total-coloring of a graphG = (V , E) is a coloring of V∪E using k colors such that no two adjacent or incident elements
get the same color. A graph G is k-totally colorable if it admits a k-total-coloring. The total chromatic number of G, denoted
by χ ′′(G), is the smallest integer k such that G is k-totally colorable. It is clear that χ ′′(G) ≥ ∆+ 1 where∆ is the maximum
degree of G. Behzad [1] and Vizing [13] conjectured independently that χ ′′(G) ≤ ∆ + 2 for every graph G. This conjecture
was verified [4–6,12] for general graphs with∆ ≤ 5. For planar graphs of large maximum degree, there is a stronger result.
It is known [2,9,14] that a planar graph G with ∆ ≥ 9 has χ ′′(G) = ∆ + 1. This stronger result does not hold for planar
graphs of maximum degree at most 3. For∆ = 4, 5, 6, 7, 8, it is unknown if every planar graph with maximum degree∆ is
(∆+ 1)-totally colorable. For∆ = 6, 8, the following two results have been recently proved.
Theorem 1 ([8]). Suppose G is a planar graph with maximum degree 6. If every vertex v has an integer kv ∈ {3, 4, 5, 6, 7, 8}
such that v is not in any kv-cycle, then χ ′′(G) ≤ 8.
Theorem 2 ([7]). Suppose G is a planar graph with maximum degree 8. If every vertex v has an integer kv ∈ {3, 4, 5, 6, 7, 8}
such that v is not in any kv-cycle, then χ ′′(G) = 9.
The purpose of this paper is to prove the following result.
Theorem 3. Suppose G is a planar graph with maximum degree 7. If every vertex v has an integer kv ∈ {3, 4, 5, 6} such that v
is not in any kv-cycle, then χ ′′(G) = 8.
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Fig. 1. A (4, 4, k)-face.
Corollary 1. Suppose G is a planar graph with maximum degree 7. If G does not contain any k-cycle for some k ∈ {3, 4, 5, 6},
then χ ′′(G) = 8.
This result covers recent results in [3,11].
2. Proof of Theorem 3
Suppose G is a planar graph with a plane drawing. For a vertex v of G, the degree d(v) of v is the number of edges incident
with v; and for a face f , the degree d(f ) of f is the length of the boundary walk of f . A vertex of G of degree k, respectively at
most k or at least k, is called a k-vertex, respectively a k−-vertex or a k+-vertex. Similarly, we define a k-face, a k−-face and
a k+-face. Denote by nd(x) the number of d-vertices adjacent to a vertex x or incident with a face x, and by fd(v) the number
of d-faces incident with a vertex v. A k-face v1v2 . . . vk with d(vi) = di is called a (d1, d2, . . . , dk)-face.
Suppose Theorem 3 is false. Let H = (V , E) be a minimum counter example, that is,
(1) H is a planar graph with maximum degree 7 in which for each vertex v ∈ V there exists an integer kv ∈ {3, 4, 5, 6} so
that v is not in any kv-cycle,
(2) H is not 8-totally colorable and
(3) |V | + |E| is minimum subject to (1) and (2).
Fix a plane drawing ofH . Denote by F the set of faces ofH . Note that it was proved [8] that a planar graphwithmaximum
degree 6 in which every vertex v has an integer kv ∈ {3, 4, 5, 6, 7, 8} such that v is not in any kv-cycle is 8-totally colorable.
Moreover, a planar graph of maximum degree less than 5 is 7-totally colorable. Therefore, any proper subgraph of H is
8-totally colorable. This property will be called throughout theminimality of H .
Structural properties of H
The proof of Lemma 3 in [7] implies the following result.
Lemma 1 ([7]). H is 2-connected and has the following properties.
1. If uv ∈ E with d(u) ≤ 3, then d(u)+ d(v) ≥ 9.
2. There is no alternating cycle C = v1v2 . . . v2t with d(v2j) = 2 for j = 1, 2, . . . , t.
Notice that, by Lemma 1, H has no 1-vertex and a 2-vertex is only adjacent to 7-vertices. Consider the subgraph H27 of H
with vertex set V (H27) = {v ∈ V (H) : d(v) = 2 or d(v) = 7 with n2(v) ≥ 1} and edge set E(H27) = {uv ∈ E(H) : d(u) =
2, d(v) = 7}. By Lemma 1, H27 is a forest. For any component of H27, we root it at a 7-vertex. In this case, every 2-vertex has
exactly one parent and exactly one child, which are 7-vertices.
Lemma 2. H has no (4, 4, k)-face.
Proof. Assume to the contrary that H has a face v1v2v3 with d(v2) = d(v3) = 4, as shown in Fig. 1. In the figure, black
vertices have all their incident edges on the figure. By minimality of H , H \ {v2v3} is 8-totally colorable. We may assume
that the vertices v2 and v3 have different colors, since otherwise we can recolor v2 differently from the seven colors adjacent
or incident to v2. Suppose no color is available for v2v3. We may assume that the coloring is as shown in Fig. 1. If we can
properly recolor v2, then color v2v3 with color 8. Otherwise, we may assume {A, B, C} = {1, 2, 6}. Assume A = 1, then
properly recolor v3 and color v2v3 with color 7. 
Wang [14] and Shen and Wang [10] proved the following result.
Lemma 3 ([14,10]).H does not contain any configuration in Fig. 2, where black vertices have all their incident edges in the figure.
Lemma 4. Suppose v is a 7-vertex and v1, v2, . . . , vk are consecutive neighbors of v with d(v1) = d(vk) = 2 and d(vi) ≥ 3 for
2 ≤ i ≤ k − 1, where k ∈ {3, 4, 5, 6}. If the face incident with v, vi, vi+1 is a 4-face vvixivi+1 for 1 ≤ i ≤ k − 1, then at least
one vertex in {v2, v3, . . . , vk−1} is a 4+-vertex.
Proof. Assume to the contradiction that d(vi) = 3 for i = 2, 3, . . . , k − 1. By the minimality of H , H ′ = H − vv1 has a
total-8-coloring φ. Uncolor v1, v2, . . . , vk, and assume that φ(x1v1) = 1. Then color 1 does not appear on v or edges incident
with v, since otherwise, vv1 touches at most seven colors and can be colored properly. Now that φ(x1v1) = 1, we prove by
induction on i that φ(xivi) = 1 for any i = 1, 2, . . . , k− 1. Suppose that φ(xivi) = 1 for i = 1, 2, . . . , p− 1, 2 ≤ p ≤ k− 1.
We prove φ(xpvp) = 1. Assume on the contrary that φ(xpvp) ≠ 1. Note that φ(xp−1vp) ≠ 1, so color 1 does not appear
762 G.J. Chang et al. / Discrete Applied Mathematics 159 (2011) 760–768
a b c d e
Fig. 2. Figures for Lemma 3.
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Fig. 3. A vertex in Lemma 6.
on edges incident with vp. We can recolor vvp with color 1, color vv1 with φ(vvp), then color v1, v2, . . . , vk properly and
get a total-8-coloring of H , a contradiction. Thus φ(xivi) = 1 for any i = 1, 2, . . . , k − 1. This implies that φ(xk−1vk) ≠ 1.
We can recolor vvk with color 1, color vv1 with φ(vvk), then color v1, v2, . . . , vk properly and get a total-8-coloring of H , a
contradiction. 
Lemma 5. If v is a 7-vertex of H with n2(v) ≥ 1, then n4+(v) ≥ 1.
Proof. Assume on the contrary that H contains a 7-vertex v adjacent to v1, v2, . . . , v7 with d(v1) = 2 and d(vi) ≤ 3 for
2 ≤ i ≤ 7. By the minimality of H , H \ {v} has a total-8-coloring. Uncolor v1, v2, . . . , v7. Color greedily vv7, vv6, . . . ,
vv1, v, v1, v2, . . . , v7. 
A set f1, f2, . . . , fk of consecutive faces around a 6+-vertex v is called a (d(f1), d(f2), . . . , d(fk))-cluster (around v) if the
neighbors of v incident with f2, f3, . . . , fk−1 are 3+-vertices.
Lemma 6. There is no (3, 4, 3)-cluster and the only (4, 3, 3)-, (4, 4, 3)- and (5, 3, 3)-clusters are those in Fig. 3. Since vv6 is
contained in any k-cycle for k = 3, 4, 5 using the edge vv6, we have that d(f2) ≥ 7 if d(v6) ≥ 3 in Fig. 3. Therefore, there is no
(6−, 4, 3, 3)- or (6−, 4, 4, 3)- or (6−, 5, 3, 3)-cluster. There is no (4, 3, 3, k)-cluster for k = 4, 6 or (4, 3, 3, 3, k)-cluster for
k = 4, 5, 6 or (4, 4, 3, 6−)- or (5, 3, 3, 6−)-cluster.
Proof. Suppose that v is a 6+-vertex adjacent to v1, v2, v3, v4 in cyclic order.
First suppose that vv1v2 is a 3-face, vv2uv3 is a 4-face and vv3v4 is a 3-face. Note that v1 ≠ v4 and u ≠ v1, v4 because
d(v2), d(v3) ≥ 3, so vv1v2, vv2uv3, vv1v2uv2 and vv1v2uv3v4 are 3, 4, 5, and 6-cycles containing v, so there is no (3, 4, 3)-
cluster.
Now suppose vv1v2 and vv2v3 are 3-faces and vv6uv1 is a 4-face. Note that u ≠ v2 because d(v1) ≥ 3. If u ≠ v3,
then vv1v2, vv1v2v3, vv6uv1v2 and vv6uv1v2v3 are 3, 4, 5, and 6-cycles containing v. So we can assume u = v3 and we
are in configuration (a). In that case v is contained in cycles of length 3, 4, 5, and d(f1) ≠ 4, for otherwise if f1 = vv4uv3
then u ≠ v1, v2, v3 and vv4uv3v2v1 is a 6-cycle. Also d(f1) ≠ 5 for otherwise f1 ∩ {v2} = ∅ and f1 ∪ v2 forms a 6-cycle
and d(f1) ≠ 6. So there is no (4, 3, 3, k)-cluster for k = 4, 5, 6. If d(f1) = 3, then v4 is not adjacent to v6, for otherwise
v6vv1v2v3v4 is a 6-cycle. Assume d(v4) ≥ 3. So d(f3) ≠ 4, for otherwise if f3 = vv5uv4 then vv5uv4v3v2 is a 6-cycle, and
d(f3) ≠ 6, so there is no (4, 3, 3, 3, k)-cluster for k = 4, 6. Now assume d(v6) = 2 and f2 = vv5uv3v6 is a 5-face. Then
u ≠ v1, v2 and vv5uv3v2v1 is a 6-cycle.
Now suppose vv1u1v2 is a 4-face, vv2v3 is a 3-face, and vv6uv1 is a 4-face. Note that u ≠ u1 because d(v1) ≥ 3. If u ≠ v2,
then vv2v3, vv1u1v2, vv1u1v2v3 and vv6uv1u1v2 are 3-, 4-, 5-, and 6-cycles containing v. So we can assume u = v2 and we
are in configuration (b). In that case v is contained in cycles of length 3, 4, 5, and d(f1) ≠ 3, for otherwise vv1u1v2v3v4 is a
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6-cycle. Also, d(f1) ≠ 4, for otherwise if f1 = vv4uv3, then u ≠ v3, v2, u1 because d(v3) ≥ 3 and vv4uv3v2v1 is a 6-cycle.
Suppose d(f1) = 5 and f1 = vv4u4u3v3. If u4 = v2, then v2v3u3 is a triangle and v3u3v2u1v1v is a 6-cycle. If u4 ≠ v2, then
vv4u4u3v3v2 is a 6-cycle. And d(f1) ≠ 6, so there is no (4, 4, 3, 6−)-cluster.
Now suppose vv6u6u1v1 is a 5-face, vv1v2 and vv2v3 are 3-faces. In that case, v is contained in cycles of length 3, 4, 5.
Note that u1 ≠ v2. If u1 = v3, then u6 ≠ v1, v2, v3 and vv6u6v3v2v1 is a 6-cycle, a contradiction. So assume u1 ≠ v2, v3.
If u6 ≠ v2, then vv6u6u1v1v2 is a 6-cycle. So we can assume u6 = v2 and we are in configuration (c). In that case, d(f2) ≠ 3.
Also d(f1) ≠ 3, d(f1) ≠ 4 by (a), d(f1) ≠ 5 by symmetry, otherwise vv1u1v2v3u3 is a 6-cycle, and d(f1) ≠ 6, so there is no
(5, 3, 3, 6−)-cluster. 
Corollary 2. Suppose v is a 6-vertex. If f3(v) = 4, then f6+(v) = 2. If f3(v) = 3, then f5+(v) = 3 or f5+(v) ≥ 2, f6+(v) ≥ 1.
If f3(v) = 2, then f4(v) ≤ 2. If f3(v) = 1, then f4(v) ≤ 3.
Discharging procedure
For the proof of Theorem 3, wewill use a discharging procedure. The initial charge of a vertex v ofH isω(v) = 2d(v)−6,
the initial charge of a face f is ω(f ) = d(f )− 6. By Euler’s formula, the total sum of charges of the vertices and faces of H is
equal to−
v∈V
(2d(v)− 6)+
−
f∈F
(d(f )− 6) = −6(|V | − |E| + |F |) = −12 < 0.
We shall design appropriate discharging rules and redistribute charges accordingly. Once the discharging is finished, a
new charge functionω∗ is produced. The total sum of weights is kept fixed when the discharging is in process. Nevertheless,
after the discharging is complete, the new charge function satisfies ω∗(x) ≥ 0 for all x ∈ V ∪ F . This leads to the following
obvious contradiction,
−12 =
−
x∈V∪F
ω(v) =
−
x∈V∪F
ω∗(v) ≥ 0
and hence demonstrates that no such counterexample exists. The discharging rules are as follows.
Discharging rule 1. Every 2-vertex receives charge 32 from its child and charge
1
2 from its parent in H27.
Discharging rule 2. Suppose f = v1v2v3 is a 3-face with d(v1) ≤ d(v2) ≤ d(v3). We use (d(v1), d(v2), d(v3))→ (c1, c2, c3)
to denote that vertex vi gives f the amount of charge ci for i = 1, 2, 3.
• (3−, 6+, 6+)→ (0, 32 , 32 );
• (4, 5+, 5+)→ ( 12 , 54 , 54 ) if f6+(v1) ≤ 1;• (4, 5+, 5+)→ (1, 1, 1) if f6+(v1) ≥ 2;• (5+, 5+, 5+)→ (1, 1, 1).
Discharging rule 3. Suppose f = v1v2v3v4 is a 4-face.
• (3−, 6+, 3−, 6+)→ (0, 1, 0, 1);
• (3−, 6+, 4+, 6+)→ (0, 34 , 12 , 34 );
• (4+, 4+, 4+, 4+)→ ( 12 , 12 , 12 , 12 ).
Discharging rule 4. Every 4+-vertex sends charge 13 to each incident 5-face.
One additional rule will be given towards the end of the proof.
Faces of H . Suppose f is a face of H .
If d(f ) = 3, then ω(f ) = −3. If n3−(f ) ≥ 1, then n6+(f ) = 2 by Lemma 1 and so ω∗(f ) = −3 + 2 × 32 = 0. If
n4(f ) ≥ 1, then n5+(f ) = 2 by Lemma 2 and so ω∗(f ) = −3 + min{ 12 + 2 × 54 , 3 × 1} = 0. Otherwise, n5+(f ) = 3 and
ω∗(f ) = −3+ 3× 1 = 0.
If d(f ) = 4, then ω(f ) = −2. If n3−(f ) ≥ 1, then n6+(f ) ≥ 2 by Lemma 1 and ω∗(f ) = −2+min{2× 1, 12 + 2× 34 } = 0.
Otherwise, n4+(f ) = 4 and ω∗(f ) = −2+ 4× 12 = 0.
If d(f ) = 5, then ω(f ) = −1. By Lemma 1, n4+(f ) ≥ 3 and ω∗(f ) ≥ −1+ 3× 13 = 0.
If d(f ) ≥ 6, then ω∗(f ) = ω(f ) ≥ 0.
Vertices of H . Suppose v is a vertex of H .
If d(v) = 2, then ω(v) = −2 and n7(v) = 2 by Lemma 1 so ω∗(v) = −2+ 32 + 12 = 0.
If d(v) = 3, then ω∗(v) = ω(v) = 0.
If d(v) = 4, then ω(v) = 2. If f6+(v) ≤ 1, then ω∗(v) ≥ 2− 4× 12 = 0. Otherwise, ω∗(v) ≥ 2− 2× 1 = 0.
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Fig. 4. A 5-vertex with f3(v) = 3 and f6+ (v) ≤ 1.
a
b c d
Fig. 5. A 7-vertex with n2(v) = 4 for Case 3.
a b c d
Fig. 6. A 7-vertex with n2(v) = 3 for Case 4.
If d(v) = 5, then ω(v) = 4 and f3(v) ≤ 3. If f3(v) ≤ 2, then ω∗(v) ≥ 4 − 2 × 54 − 3 × 12 = 0. If f3(v) = 3
and f6+(v) = 2, then ω∗(v) ≥ 4 − 3 × 54 > 0. Otherwise, there is one possible configuration as shown in Fig. 4 where
f5 = vv4v2v5 is a 4-face, the grey areas being undetermined and containing possibly vertices and edges. In that case,
d(v2) ≥ 5, d(v1), d(v3), d(v4), d(v5) ≥ 4, d(f1), d(f2) ≥ 7. If d(v1) = 4, then f6+(v1) ≥ 2. Otherwise, d(v1) ≥ 5. In
both cases v sends charge 1 to vv1v2 and ω∗(v) ≥ 4− 1− 2× 54 − 12 = 0.
If d(v) = 6, then ω(v) = 6, f3(v) ≤ 4, and by Corollary 2, we have the following: if f3(v) = 4, then f6+(v) = 2; if
f3(v) = 3, then either f5+(v) = 3 or f5+(v) ≥ 1, f6+(v) ≥ 1; if f3(v) = 2, then f4(v) ≤ 2; if f3(v) = 1, then f4(v) ≤ 3. So
ω∗(v) ≥ 6−max

4× 3
2
, 3× 3
2
+ 1+ 1
3
, 3× 3
2
+ 3× 1
3
, 2× 3
2
+ 2× 1+ 2× 1
3
,
3
2
+ 3× 1+ 2× 1
3
, 6× 1

= 0.
If d(v) = 7, then ω(v) = 8 and n2(v) ≤ 6 by Lemma 5. The charge sent by v to its adjacent 2-vertices is at most n2(v)+22 .
Let v1, v2, . . . , v7 be the neighbors of v and f1, f2, . . . , f7 be the faces incident with v in cyclic order such that vi is incident
with fi, fi+1 with f8 = f1. We now consider seven cases.
Case 1. Suppose v is adjacent to six 2-vertices. Then f3(v) = 0 and f5−(v) ≤ 2 by Lemma 1(2) and 3(a, c). So ω∗(v) ≥
8− 82 − 2× 1 > 0.
Case 2. Suppose v is adjacent to five 2-vertices. Then f3(v) ≤ 1 and f5−(v) ≤ 4 by Lemma 1(2) and 3(a, c). So ω∗(v) ≥
8− 72 − 32 − 3× 1 = 0.
Case 3. Suppose v is adjacent to four 2-vertices. There are four possible configurations as shown in Fig. 5.
By Lemma 1(2) and 3(a,c), in Case (3-a), f3(v) ≤ 2 and f5−(v) ≤ 4; in Cases (3-b) and (3-c), f3(v) ≤ 1 and f5−(v) ≤ 5; in
Case (3-d), f3(v) = 0 and f5−(v) ≤ 6. Moreover, among the possible 5−-faces, the grey areas are made up of 4+-faces and
receive a charge of at most 32 by Lemma 4. So
ω∗(v) ≥ 8− 6
2
−max

2× 3
2
+ 2× 1, 3
2
+ 2× 1+

3
2

, 3×

3
2

= 0.
Case 4. Suppose v is adjacent to three 2-vertices. There are four possible configurations as shown in Fig. 6, in which big black
vertices are 2-vertices in H .
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Fig. 7. A 7-vertex with n2(v) = 2, f3(v) = 3 for Case 5 (a)–(d).
In Case (4-a), f1, f2 are 6+-faces. If f3(v) = 3, then the grey cluster is either a (5+, 3, 3, 3, 5+)- or a (4, 3, 3, 3, 7+)-cluster by
Lemma 6. So
ω∗(v) ≥ 8− 5
2
− 3× 3
2
−max

2× 1
3
, 1

= 0.
If exactly two of f4, f5, f6 are 3-faces, then the grey cluster is either a (4+, 3, 5+, 3, 4+)- or a (5+, 3, 3, 5+, 4+)- or a
(4, 3, 3, 7+, 4+)-cluster by Lemma 6. So
ω∗(v) ≥ 8− 5
2
− 2× 3
2
−max

2× 1+ 1
3
, 1+ 2× 1
3
, 2× 1

> 0.
If f3(v) ≤ 1, then ω∗(v) ≥ 8− 52 − 32 − 4× 1 > 0.
In Case (4-b), f1 is a 6+-face. Note that v sends a charge of at most 32 to the dark grey area by Lemma 4. If f3(v) = 2, then the
grey cluster is either a (5+, 3, 3, 5+)- or a (4, 3, 3, 7+)-cluster by Lemma 6. So
ω∗(v) ≥ 8− 5
2
− 2× 3
2
−

3
2

−max

2× 1
3
, 1

= 0.
If f3(v) = 1, then either the grey area contains a (3, 5)-cluster or the grey cluster is a (4, 3, 4, 5+)-cluster so ω∗(v) ≥
8− 52 − 32 − ( 32 )− 2× 1− 13 > 0. If f3(v) = 0, then ω∗(v) ≥ 8− 52 − 32 − 4× 1 = 0.
In Case (4-c), f1 is a 6+-face. Note that v sends a charge of at most
max

3
2
+ 1
3
+ 3
4
,
5
4
+ 3
4
+ 3
4
, 1+ 2× 3
4
, 2× 1+ 1
3

= 11
4
to each grey area by Lemmas 3 and 4 so ω∗(v) ≥ 8− 52 − 2× 114 = 0.
In Case (4-d), note that v sends a charge of at most 32 to the grey areas by Lemma 4. If f3(v) = 0, then v sends a charge of at
most 52 to the other three faces so ω
∗(v) ≥ 8− 52 − 2× ( 32 )− 52 = 0. Assume f3(v) = 1. If f1 or f6 is a 5-face, then the grey
clusters are (4+, 5+)-clusters. So
ω∗(v) ≥ 8− 5
2
− 3
2
− 1− 1
3
− 2×

1+ 1
3

= 0.
If f1 or f6 is a 6+-face, then
ω∗(v) ≥ 8− 5
2
− 3
2
− 2×

3
2

− 1 = 0.
If d(f1) = d(f6) = 4, then the grey clusters are (4+, 5+)-clusters by Lemma 6 so ω∗(v) ≥ 8− 52 − ( 114 )− 2× (1+ 13 ) > 0.
Case 5. Suppose v is adjacent to two 2-vertices.
If f3(v) = 3, there are four possible configurations as shown in Fig. 7, in which big black vertices are 2-vertices in H .
Case (5-a). By Lemmas 1(2) and 3(a), f4 is a 5+-face and f3, f5 are 5+-faces. The grey cluster is either a (6+, 3, 3, 3, 6+) or a
(4, 3, 3, 3, 7+)-cluster by Lemma 6. In the first case,
ω∗(v) ≥ 8− 4
2
− 3× 3
2
− 1− 1
3
> 0.
In the latter case, f6 is the 4-face, and d(f5) ≥ 7 by Lemma 6 so
ω∗(v) ≥ 8− 4
2
− 3× 3
2
− 1− 1
3
> 0.
Case (5-b). By Lemmas 1(2), 3(a), and 6, d(f3) ≥ 6, d(f4) ≥ 5 and d(f6) ≥ 6, so ω∗(v) ≥ 8− 42 − 3× 32 − 1− 13 > 0.
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Fig. 8. A 7-vertex with n2(v) = 2, f3(v) = 2 for Case 5 (e)–(f).
Fig. 9. A 7-vertex with n2(v) = 1 for Case 6.
Case (5-c). Similarly to Case (5-a), both f3 and f6 are 7+-faces by Lemmas 3(a) and 6. Moreover, v sends a charge of at most
3
2 to f4, f5. So
ω∗(v) ≥ 8− 4
2
− 3× 3
2
−

3
2

= 0.
Case (5-d). Similarly to Case (5-b), d(f4), d(f5) ≥ 6. Moreover, v sends a charge of at most 114 to the grey cluster so
ω∗(v) ≥ 8− 42 − 2× 32 − ( 114 ) > 0 (Fig. 7).
Suppose f3(v) = 2 and v is incident with two consecutive 3-faces. Note that f4(v) ≤ 3. If f4(v) ≤ 2, then ω∗(v) ≥
8− 2− 2× 32 − 2× 1− 3× 13 = 0. Otherwise, there are two possible configurations as shown in Fig. 8, in which big black
vertices are 2-vertices in H .
Case (5-e). In this case, f1 is a 6+-face, since otherwise we are in configurations (a) or (c) in Fig. 3, with v6 a 2-vertex and
contained in a 3-cycle. This implies that configuration (a) in Fig. 2 appears, which is a contradiction. Note that f4, f5 receive
a charge of at most 32 from v, and either f2 or f3 is a 5
+-face by Lemma 6. Thus ω∗(v) ≥ 8− 42 − 2× 32 − ( 32 )− 1− 13 > 0.
Case (5-f). As in Case (5-e), f1, f2 are 6+-faces. Thus ω∗(v) ≥ 8− 42 − 2× 32 − 3× 1 = 0.
Suppose f3(v) = 2 and v is incident with two non consecutive 3-faces, then f4(v) ≤ 3. If f4(v) ≤ 2, then ω∗(v) ≥
8− 2− 2× 32 − 2× 1− 3× 13 = 0. If f4(v) = 3, then f6+(v) = 2 so ω∗(v) ≥ 8− 2− 2× 32 − 3× 1 = 0.
Suppose f3(v) = 1, then f4(v) ≤ 4. If f4(v) ≤ 3, then ω∗(v) ≥ 8 − 2 − 32 − 3 × 1 − 3 × 13 > 0. If f4(v) = 4, then
f6+(v) = 2 and ω∗(v) ≥ 8− 2− 32 − 4 > 0.
Suppose f3(v) = 0. If f4(v) ≤ 5, thenω∗(v) ≥ 8−2−5×1−2× 13 > 0. If f4(v) = 6, thenω∗(v) ≥ 8−2−2× 34−4×1− 13 =
0 by Lemma 4. If f4(v) = 7, then ω∗(v) ≥ 8− 2− 4× 34 − 3× 1 = 0.
Case 6. Suppose v is adjacent to one 2-vertex. Assume d(v1) = 2, as shown in Fig. 9. Then n4+(v) ≥ 1 by Lemma 5. If f3(v) = 0,
then ω∗(v) ≥ 8 − 32 − 5× 1 −max{1 + 13 , 2× 34 } = 0. Assume f3(v) ≥ 1. Assume d(f1) ≤ d(f2). The following cases are
divided according to d(f1), d(f2). Note that if d(f1) = 3, then d(f2) ≥ 4 and v is not incident to any (3, 7, 6+)-face, so that
v sends a charge of at most 54 to any incident 3-face different from f1. In cases (6-a)–(6-d), d(f1) = 3. If f6+(v) ≥ 2, then
ω∗(v) ≥ 8− 32 − 32 − 4× 54 = 0.
Case (6-a). If d(f1) = 3, d(f2) = 4, then v is incidentwith cycles of length 3, 4 and therefore d(f7) ≠ 5. First suppose d(f7) = 3.
If d(f6) = 3, then d(f3), d(f5) ≠ 3, 5, 6 by Lemma 6. If d(f3) = 4, then d(f4) ≥ 6, d(f5) ≥ 7 by Lemma 6. If d(f5) = 4, then
d(f4) ≥ 6, d(f3) ≥ 7 by Lemma 6. Otherwise d(f3), d(f5) ≥ 7. Now suppose d(f7) = 4. Then d(f3) ≥ 7, d(f6) ≥ 4. If d(f6) = 4,
then d(f5) ≥ 7. Assume d(f6) ≥ 5, so ω∗(v) ≥ 8 − 32 − 32 − 2 × 54 − 2 × 1 − 13 > 0. Assume d(f7) ≥ 6. If d(f3) = 3, then
d(f4) ≥ 4. If d(f4) = 4, then d(f5) ≥ 7. Otherwise d(f4) ≥ 6. If d(f3) = 4, then v is contained in cycles of length 3, 4, 5, 6, a
contradiction. If d(f3) = 5, then d(f4) ≥ 6. Otherwise, d(f3) ≥ 6.
Case (6-b). If d(f1) = 3, d(f2) = 5, then v is contained in cycles of length 3, 4, 5 and d(f3) ≥ 4. If d(f3) = 4, then d(f4) ≥ 7. If
moreover d(f7) = 3, then d(f6) ≥ 7; otherwise d(f7) ≥ 7. If d(f3) = 5, then d(f4) ≥ 4. If moreover d(f7) = 3, then d(f6) ≥ 7;
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Fig. 10. A 7-vertex with n2(v) = 1 for Case 6 (f).
otherwise d(f7) ≥ 7. So ω∗(v) ≥ 8− 32 − 32 − 2× 54 − 1− 2× 13 > 0. Assume d(f3) ≥ 6. Suppose d(f7) = 3. If d(f6) = 3,
then d(f5) ≥ 7; otherwise d(f6) ≥ 7. Otherwise d(f7) ≥ 7.
Case (6-c). If d(f1) = 3, d(f2) = 6, then v is incident to cycles of length 3, 5, 6, so f4(v) = 0. Moreover, d(f7) ≠ 3, and at most
two of f3, f4, f5, f6 are 3-faces, so ω∗(v) ≥ 8− 32 − 32 − 2× 54 − 3× 13 > 0.
Case (6-d). If d(f1) = 3, d(f2) ≥ 7, then f3(v) ≤ 5. Suppose d(f7) = 3. If d(f6) = 3, then either d(f5) = 4 and d(f4) ≥ 6
or d(f5) ≥ 6. If d(f6) = 4, then d(f5) ≥ 6. If d(f6) = 5, then d(f5) ≥ 7. Otherwise d(f6) ≥ 6. If d(f7) = 4, then d(f6) ≥ 4.
If d(f6) = 4, then d(f5) ≥ 6. If d(f6) = 5, then atmost two of f3, f4, f5 are 3-faces andω∗(v) ≥ 8− 32− 32−2× 54−2×1− 13 > 0.
Otherwise d(f6) ≥ 6. Suppose d(f7) = 5. If d(f6) = 3, then v is contained in cycles of length 3, 5, 6 and so f4(v) = 0.Moreover
at most one of f4, f5 is a 3-face, so ω∗(v) ≥ 8− 32 − 32 − 3× 54 − 2× 13 > 0. If d(f6) = 4, then at most one of f4, f5 is a 3-face
and ω∗(v) ≥ 8− 32 − 32 − 2× 54 − 2× 1− 13 > 0. If d(f6) = 5, then ω∗(v) ≥ 8− 32 − 32 − 3× 54 − 2× 13 > 0. Otherwise,
either d(f6) ≥ 6 or d(f7) ≥ 6.
Case (6-e). Suppose d(f1) = d(f2) = 4. Suppose d(f3) = 3. If d(f4) = 3, then d(f7) ≥ 7 and either d(f5) = 3 and d(f6) ≥ 7, or
d(f5) ≥ 7. If d(f4) = 4, then d(f5), d(f7) ≥ 5. If d(f6) = 3, then at most one of f5, f7 is a 5-face. If d(f4) = 5, then v is incident
to cycles of length 3, 4, 5, 6, a contradiction. Assume d(f4) ≥ 6. Then either d(f6) = 5 and at most one of f4, f5 is a 3-face, or
d(f6) ≥ 6. So ω∗(v) ≥ 8 − 32 − max{3 × 32 + 2 × 1, 2 × 32 + 3 × 1 + 13 , 32 + 4 × 1 + 2 × 13 } = 0. By symmetry assume
d(f3), d(f7) ≥ 4. Suppose f3(v) = 3. Then f6+(v) = 2. If f3(v) = 2, then either f5+(v) = 3 or f4(v) = 3 and f6+(v) ≥ 1. If
f3(v) = 1, then f4(v) ≤ 4. So
ω∗(v) ≥ 8− 3
2
− 3
2
− 2× 1−max

3
2
+ 3× 1
3
,
3
2
+ 1+ 1
3
, 2× 1+ 2× 1
3

> 0.
Case (6-f). If d(f1) = 4, d(f2) = 5, then v is contained in cycles of length 3, 4, 5 and f3(v) ≤ 3. If d(f3) = 3, we are in
configuration (a) in Fig. 10. Note that d(f7) ≠ 3, 6. If d(f7) = 4, then u6 = u7 and u6 ≠ v3 because d(v7) ≥ 3 so vv6u6v7v3v1
is a 6-cycle. If d(f7) = 5, we have u7 ≠ v3. If u6 = v3, then vv7u7v3u2v2 is a 6-cycle, otherwise vv6u6u7v7v3 is a 6-cycle. We
can assume d(f7) ≥ 7. If d(f4) = 3, then d(f5) ≥ 7 by Lemma 6. Hence ω∗(v) ≥ 8 − 32 − 32 − 1 − 13 − 2× 32 > 0. Assume
d(f3) ≥ 4. If d(f7) = 3, we are in configuration (b) in Fig. 10. Note that d(f6) ≥ 7. If d(f3) = 4, then u2 = u3 and u2 ≠ v6
because d(v2) ≥ 3 so vv3u2v2v6u7 is a 6-cycle. If d(f3) = 5, we have u2 ≠ v6. If u3 = v6, then vv3v6v7u1v1 is a 6-cycle,
otherwise vv3u3u2v2v6 is a 6-cycle. We can assume d(f3) ≥ 7. Henceω∗(v) ≥ 8− 32 − 32 − 1− 13 − 2× 32 > 0. Now assume
d(f3), d(f7) ≥ 4. If f3(v) = 3, then f6+(v) = 2. If f3(v) ≥ 2, then f5+(v) ≥ 3. If f3(v) = 1, then f5+(v) ≥ 2. Hence
ω∗(v) ≥ 8− 3
2
− 1− 1
3
−max

3× 3
2
, 2× 3
2
+ 3× 1
3
,
3
2
+ 2+ 2× 1
3

> 0.
Case (6-g). Suppose d(f1) = 4, d(f2) = 6. Then v is contained in cycles of length 3, 4, 6 and so f5(v) = 0. Moreover, d(f7) ≥ 4.
If f3(v) = 1, then ω∗(v) ≥ 8− 32 − 32 − 5× 1 = 0. Assume f3(v) ≥ 2. If d(f7) = 4, then d(f6) ≥ 4. If f4(v) ≥ 4 or f6+(v) ≥ 2,
thenω∗(v) ≥ 8− 32 −max{2× 32 +4×1, 3× 32 −2×1} = 0. If d(f6) = 4, then d(f5) ≥ 4; otherwise d(f6) ≥ 6 or d(f5) ≥ 6.
So assume d(f7) ≥ 6. At least one of f3, f4, f5, f6 is a 4+-face, so ω∗(v) ≥ 8− 32 − 3× 32 − 2× 1 = 0.
Case (6-h). Suppose d(f1) = 4, d(f2) ≥ 7. Such a vertex is called a special vertex and f2 is called a special face. Note that a
special vertex is the master of its unique 2-neighbor, and both of them are on the special face. Therefore, for any 2-vertex
incident with a special face, at most one of its two neighbors on the special face is a special vertex, so that a special k-face is
incident with at most ⌊ k3⌋ special vertices.
Discharging rule 5. Every special face sends charge 12 to every incident special vertex.
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Note that for a k-face f , if k = 7, then ω∗(f ) ≥ 1− 2× 12 = 0; if k ≥ 8, then ω∗(f ) ≥ k− 6− ⌊ k3⌋ × 12 ≥ 5k−366 > 0.
If f6+(v) ≥ 2, then ω∗(v) ≥ 8 − 32 − 4 × 32 − 1 + 12 = 0. Suppose d(f7) = 3. If d(f6) = 3, then either d(f5) = 3 and
d(f4) ≥ 6 or d(f5) ≥ 7. If d(f6) = 4, then either d(f5) = 5 and ω∗(v) ≥ 8− 32 − 3× 32 − 2× 1− 13 + 12 > 0, or d(f5) ≥ 6. If
d(f6) = 5, then at least one of f4, f5 is a 4+-face and ω∗(f ) ≥ 8− 32 − 3× 32 − 2× 1− 13 + 12 > 0. Otherwise, d(f6) ≥ 6.
Case (6-i). Suppose d(f1), d(f2) ≥ 5. Then f3(v) ≤ 4. If f3(v) = 4, then f5+(v) = 3 and f6+(v) ≥ 2 soω∗(v) ≥ 8− 32 −4× 32 −
1
3 > 0. If f3(v) = 3, then either f4(v) = 1, f6+(v) ≥ 2, or f4(v) = 0, soω∗(v) ≥ 8− 32−max{3× 32+1+ 13 , 3× 32+4× 13 } > 0. If
f3(v) = 2, then f4(v) ≤ 2. If f3(v) = 1, then f4(v) ≤ 4. Henceω∗(v) ≥ 8− 32−max{2× 32+2×1+3× 13 , 32+4×1+2× 13 } > 0.
Case 7. Suppose v is not adjacent to any 2-vertex. If f3(v) ≥ 4, then f6+(v) ≥ 2. If f3(v) = 3, then f4(v) ≤ 2. Hence
ω∗(v) ≥ 8−max

5× 3
2
, 3× 3
2
+ 2× 1+ 2× 1
3
, 2× 3
2
+ 5× 1

= 0. 
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